Abstract: We demonstrate a new type of soliton formation arising from the interaction of multiple two-dimensional Airy beams in a nonlinear medium. While in linear regime, interference effects of two or four spatially displaced Airy beams lead to accelerated intensity structures that can be used for optical induction of novel light guiding refractive index structures, the nonlinear cross-interaction between the Airy beams decelerates their bending and enables the formation of straight propagating solitary states. Our experimental results represent an intriguing combination of two fundamental effects, accelerated optical beams and nonlinearity, together enable novel mechanisms of soliton formation that will find applications in all-optical light localization and switching architectures. Our experimental results are supported by corresponding numerical simulations. 
Introduction and motivation
Airy wave packets, first predicted by Berry and Balazs [1] as free-particle solutions of the Schrödinger equation are remarkable objects within the framework of quantum mechanics. The envelope of these wave packets is described by Airy functions, centered around a parabolic trajectory. Their unique ability to freely accelerate during propagation -even in the absence of any external potential -stands out the Airy wave from any other known solution. Airy wave packets were also predicted [2] , and then realized [3] in the optical domain. Their special selfhealing properties -self-restoration of their canonical form after passing small obstacleswere demonstrated theoretically and experimentally [4] . The unique ballistic-like and selfaccelerating properties of the Airy beam made it ideally suited for various applications ranging from particle and cell micromanipulation, optical snow-blowers [5, 6] , laser micromachining [7] and self-bending plasma channels [8] to ultrafast self-accelerating pulses [9] . While the potential of tailored light fields, especially Airy beams, is well recognized in these fields, they are also of significant importance for advances in discrete and nonlinear modern photonics. On the one hand, the influence of inhomogeneous refractive index potentials on Airy beams has been investigated theoretically to design the beam caustics [10] [11] [12] , on the other hand it was experimentally demonstrated that a linear refractive index gradient or a photonic lattice can be used to control and compensate the Airy beam self-acceleration [13] [14] [15] . Another inventive idea shifts the perspective and uses two-dimensional Airy beams itself to optically induce light guiding structures for optical routing and switching of signals [16] .
By considering nonlinearity a new degree of freedom is added to the system which leads to interesting new effects of Airy beam propagation investigated in several theoretical and experimental studies [17] [18] [19] [20] . One of the most fundamental effect in nonlinear systems is the existence of spatial solitons which represents localized structures that always preserve their shape by the balance between diffraction and nonlinear self-focusing. In optics, they have extensively been studies in various systems, including bulk nonlinear media or discrete systems [ In this paper, we investigate the nonlinear interaction of two-dimensional Airy beams experimentally, as well as numerically. Therefore, we introduce advanced experimental methods to synthesize multiple accelerated Airy beams with fully controllable parameters and observe the nonlinear dynamics of this compound optical field in a photorefractive nonlinear crystal, an ideal experimental testbed for nonlinear light-matter interaction. We demonstrate that these interactions lead to solitary structures that arise from nonlinear interaction of two or four involved accelerated Airy beams. Depending on the beam intensity and on different phase configurations of the synthesized beams (in phase or out of phase), either one solitary solution or a pair is observed that propagates almost stable with small intensity modulations (breathing). Moreover, we demonstrate how the synthesized beams propagate in the linear regime, where interference leads to interesting intensity modulations, including tight-focus structures. To precisely describe all our experimental observations in a theoretical framework, we extend and generalize existing concepts to handle multiple Airy beams, as well as nonlinear propagation in the more realistic anisotropic photorefractive model.
Theoretical model and numerical methods
To study the propagation characteristics of Airy beams in a nonlinear optical system with intensity dependent refractive index modulations, we consider the scaled paraxial equation of diffraction for the envelope A of the optical field:
Here, χ = x/w 0 and ν = y/w 0 are the dimensionless transverse coordinates scaled by the characteristic length w 0 . ζ = z/kw 2 0 represents the dimensionless propagation distance with k = 2πn/λ .
In this equation, the nonlinearity is given by an intensity-dependent refractive index modulation ∆n 2 (I), with I ∝ |A| 2 , which is caused by the nonlinear response of a photorefractive medium. Theoretically, it is well described by the electro-optic effect combined with the band transport model, which in our case can be approximated by the full anisotropic model for the optically induced space charge potential φ , [29]
where the refractive index modulation results from the electro-optic effect as ∆n 2 = n 4 0 r eff ∂ x φ , and r reff is the effective electro-optic coefficient.
This model precisely describes the optical induction process in a photorefractive nonlinear medium with applied electric field E ext along the crystal's c-axis and accounts for the orientation anisotropy caused by the resulting directed transport of charge carriers. Moreover, this model is capable to describe the effect of charge carrier diffusion in the internal space charge field. This effects plays an important role for non-zero temperatures T and non-zero dark conductivity of the crystal, and leads to effects such as nonlinear soliton steering in bulk nonlinear media.
Two-dimensional Airy beams
In the linear regime, where ∆n(I) = 0 holds, the wave equation can be solved by twodimensional truncated Airy beam solutions that reads as
with
Here, Ai(X) is the Airy function, A 0 the amplitude and a X a positive decay length that truncates the solution to become physically relevant. In the focal plane (ζ = 0) the one-dimensional Airy functions reads as ϕ(
, where the exponential decay clearly can be seen. Without this truncations the solution will extended over the whole space and contains infinite energy. These truncated solutions still solves the wave equation (1) and the distinguished properties of Airy beams are mostly preserved [2]
Numerical methods
Due to the inhomogeneous refractive index modulation ∆n 2 (I indu ), which here is caused by the nonlocal, anisotropic photorefractive nonlinearity, the paraxial wave equation (1) cannot be solved analytically. Thus, we have implemented comprehensive numerical methods to solve this equation and model the light propagation in nonlinear media. The propagation equation (1) is evaluated numerically, using split-step Fourier methods. In the nonlinear regime, the inducing intensity I indu = |A| 2 is given by the intensity of the propagating wave field itself (cf. equation (1)). Therefore, it is crucial to calculate the optically induced refractive index modulation for each propagation step. This index modulation, represented by ∆n 2 (I indu ), is calculated in full anisotropic model [29] using a relaxation method.
Experimental realization of interacting Airy beams in photorefractive media
All the experiments presented here are performed using the setup sketched in Fig. 1(a) . The light from a frequency-doubled Nd:YVO 4 laser continuously emitting light at a wavelength of λ = 532 nm is expanded and illuminates a programmable, high-resolution phase-only spatial light modulator (SLM). The plane wave that enters the modulator experiences a spatial phase modulation, which in combination with two following lenses and a Fourier filter leads to any desired complex light field at the input face of the nonlinear photorefractive medium. Therefore, we address an explicitly designed phase pattern to the SLM that allows us to modulate phase and amplitude of the light field at the same time [30] . In this way, we realize different complex light fields as combination of multiple displaced two-dimensional Airy beams, whose field distributions are calculated with equation (3). This structured beam then illuminates the 20 mm long photorefractive Sr 0.60 Ba 0.40 Nb 2 O 6 (SBN:Ce) crystal which is externally biased with an electric dc field of E ext ≈ 1000 V cm −1 aligned along the optical c-axis. We take care that the input face of the crystals coincides with the plan corresponding to the SLM's surface. To maximize the nonlinear self-action of the written refractive index structure onto the beam itself -in other words the nonlinearity -the beam is set to be extraordinarily polarized with respect to the crystal's optical c-axis. The high electrooptic coefficient of SBN:Ce [31] facilitates sufficient nonlinearity to substantially change the propagation of the Airy beam. By illuminating the crystal homogeneously with white light, we can erase written refractive index modulations. This reversibility make our experimental approach highly flexible to perform series of experiments using the same nonlinear material. By means of an microscope objective and a camera mounted on a translation stage we can record the intensity distribution in different transverse planes.
Linear propagation of multiple Airy beams
The propagation characteristics of single Airy beams have been subject to many experimental and numerical studies in the past years, considering linear and nonlinear effects, or propagation in inhomogeneous or periodically structured media. As it is well known, for linear propagation in a homogeneous environment the Airy beams follows a parabolic trajectory while propagation. This behavior can clearly be seen from the experimentally recorded intensity profile of one single Airy beam (Figs. 1(b)-1(d) ) realized with the presented experimental setup (Fig. 1(a) ). Although the main scope of this work is the interaction of multiple Airy beams, these basic result are presented to demonstrate that our experimental approach and setup allow to realize two-dimensional accelerated Airy beams with very high accuracy. These results serve as a good starting point for the following experimenters about multiple interacting Airy beams.
To systematically investigate the propagation and interaction of multiple two-dimensional Airy beams, we start our studies with considering the most fundamental case of two copropagating Airy beams in the linear regime. The beams are coherently superimposed with an initial distance of d ≈ 50 µm and are rotated by 180°, so that their accelerated trajectories will intersect during propagation. The longitudinal position of this intersection point strongly depends on the curvature of the Airy beams which is determined by their size, but also depends on their initial separation. We aim to observe this defined intersection inside the volume of the 20 mm long SBN crystal. Therefore, we set the Airy beam size, measured as the distance between the main lobe and the next neighbor, to s ≈ 25 µm.
To visualize the complex evolution of the intensity distribution during propagation, we extract cross-sections through the experimentally recorded intensity volume along the coordinate in which the acceleration happens. Our experimental setup allows to retrieve this threedimensional intensity volume by automatically recording the transverse intensity distribution in many (here 100) different planes along the crystal and stacking them. It is worth to mention that recording the intensity at planes inside the crystals is only possible if the refractive index between this plane and the camera is uniform, in other words, if the crystals in homogeneous.
The experimental results for two Airy beams are shown in Figs. 2(a) and 2(b), with the corresponding numerical simulations in Figs. 2(c) and 2(d) . Thereby, we consider two cases where the beams are either in phase, or π out of phase. These different initial conditions result in distinguishable transverse intensity profiles during propagation due to interference. For the in-phase configuration, depicted in Fig. 2(a) and 2(c) , a well-pronounced focus is formed by constructive interference of the beams in the intersection region of both accelerated trajectories. This feature of a very high local intensity compared to the surrounding was previously emphasized as the key advantage of so-called autofocusing beams [32, 33] . For the out-of-phase case, shown in Figs. 2(b) and 2(d), the phase difference of π between the beams at the input leads to the vertical separation by a dark line of destructive interference which is preserved during the whole propagation. In both cases, the parabolic trajectories of the two superimposed Airy beams can clearly be identified. Since so far the propagation is completely linear, the complex intensity patterns results only from interference, but the beams do not interact and influence each other. Therefore, their initial general accelerated trajectories are preserved, albeit the beams trajectories intersect.
By increasing the number of the superimposed beams, the next symmetrical configuration can be constructed with four displaced Airy beams each rotated by 90°, as shown in Figs. 2(e)-2(h). In principle there are more possibilities to set the relative phases of the beams, but we want to limit our studies to the following two cases: either all beams are in phase (Figs. 2(e) and 2(g)), or neighboring beams are π out of phase (Figs. 2(f) and 2(h) ). While the transverse intensity profiles now look quite different compared to the situation where two beams are superimposed, the longitudinal cross-sections reveal a similar propagation behavior. Again, a well-pronounced high-intensity focus is formed in the region where the four in-phase Airy beams interfere constructively, while the dark line of destructive interference always separates the beams in the out-of-phase case. Due to the fact that now four beams are interfering, the relative strength of the focus for constructive interference is much higher than for two beams. The number of interfering Airy beams could be further increased while the contrast between the focal intensity and the background continuously grows to the limit achieved by radially distributed Airy beams [32] .
All presented experimental results are supported by corresponding numerical simulations. For the propagation of multiple Airy beams in the linear regime the numerical results perfectly fits to the experimental measurements. Although the wave equation (1) for homogenous media (∆n(I) = 0) has analytical solution in form of truncated Airy beams which can be explicitly calculated for any distance z, we already here employ the numerical beam propagation method to prove and emphasize that the simulation methods we developed precisely describe the real experimental conditions.
Nonlinear interaction of multiple two-dimensional Airy beams
From the above presented results we see, that during linear propagation of multiple Airy beams interference alone already leads to interesting intensity distributions, even as the beams do not interact and influence each other. If such an interdependency mediated by a nonlinear light matter interaction is included into the theoretical models and experiments, interesting novel effects can be expected, as for example soliton formation as predicted numerically in [26, 27] .
In the following, we will investigate and analyze the nonlinear propagation and interaction of multiple Airy beams experimentally in photorefractive SBN. As introduced above, the refractive index of the nonlinear crystal depends non-locally on the incident intensity distribution and leads to a self-focusing, saturable nonlinearity. This complex nonlinearity completely changes the propagation dynamics of the Airy beams and leads to fascinating new types of beam evolution that depends amongst others on the number of superimposed beams, their relative phase and intensity. The experimental and numerical results for two and four superimposed Airy beams are presented in the following sections.
Interaction of two Airy beams
We start our investigations about the nonlinear interaction with the most fundamental configuration of two displaced Airy beams. We use the same beam parameters as described above for the linear case (cf. Fig. 2) . At the input, the two beams that are separated by d ≈ 50 µm and are orientated to accelerate towards each other. Thereby, the trajectories of the undisturbed Airy beams would intersect and the beams strongly interact. In contrast to the linear experiment, we now increase the beam power, as well as the writing time to gain sufficient nonlinearity. To observe the intensity dependency of the propagation dynamics we set four different probe beam powers: P in ≈ {237, 475, 950, 1.425} nW and perform the experiment for each value, while keeping all other parameters such as external field, induction time, and background illumination unchanged.
The experimental results for the in-phase beams are shown in Fig. 3(a) . While increasing the probe beam power we can see the transition from the almost linear interference pattern Fig. 3(a1) the constructive interference of the in-phase Airy beams leads to a strongly increased local intensity. Afterward, it propagates almost unchanged, except small breathing, due to the compensation of the diffraction by nonlinear self-focusing. The merged localized state further propagates straight obviously without any transverse momentum remaining from initial accelerated beams. The nonlinearity allows for this complex interaction between the two beams that in consequence compensates the acceleration. The peak intensity of the resulting state at the output of course is higher than the peak intensity at the input where the individual beams do not noticeably overlap. The factor r = I max,out /I max,in (see insets in Fig. 3 ) represents the ratio between the maximal intensity at the output and the input, respectively. Due to the principal limitation that direct imaging through a non-homogeneous medium is not possible, only the output face of the SBN crystal is accessible for all nonlinear experiments throughout this paper. The factor r helps to compare experiments and numerics also quantitatively. The comparison between the experimental results Fig. 3(a) and the numerical simulation presented in Figs. 3(b) and 3(c) shows a very good overall agreement. According to the different probe beam powers in the experiment, we simulated the nonlinear propagation for different corresponding input intensities I in ≈ {0.33, 0.65, 1.30, 1.95}. The output profiles, as well as the intensity factor r perfectly matches the real observations in experiment. This verifies that our implemented numerical methods exactly describe the real situation and justify to employ numerical simulations to get a detailed impression what dynamics happens during nonlinear propagation in the SBN crystal. As mentioned above, in the experiment these data are not accessible due to principle physical reasons. Figure 3 (c) shows a volumetric rendering of the numerically retrieved intensity distribution during nonlinear propagation. The formation of the solitary state is clearly visible. While during the build-up process noticeable modulations in the shape and the intensity of the solitary state occurs (i.a. due to the passing of the remaining side lobes of the initial Airy beams), after some propagation distance the situation stabilizes and the solitary state propagates almost unchanged, except small breathing. The marked plane in Fig. 3(c) corresponds to the length of the SBN crystal and the pictures shown in Figs. 3(a) and 3(b) .
A similar localization behavior was also found numerically for simpler idealized isotropic Kerr, and saturable Kerr nonlinearities [27] . For the presented experimental and numerical results in a realistic photorefractive SBN crystal, the situation is much more complicated, due to the anisotropic, saturable and drift-dominated nonlinearity. The slight shift of the intensity peaks in horizontal direction can be explained by additionally taking into account diffusion effects in the numerical model.
In the opposite case where the two Airy beams are π out of phase, the situation is completely changed, as can be seen from the results shown in Fig. 4 pair over large distances. Again, the build-up process is accompanied by intensity modulations, but after a certain distance only small breathing remains. Introduced by the initial phase difference, these two solitons also have a phase difference of π and hence repel each other, as reported for fundamental solitons [34] . Therefore, they propagate on straight lines but with a small divergence, as can bee seen in Fig. 4(c) . The remaining side lobes of the initially launched Airy beams further follows their parabolic trajectory and quickly depart out of the volume.
Interaction of four Airy beams
After investigating the nonlinear processes for the fundamental case of two interacting Airy beams, we now turn towards the more advanced case where four beams are synthesized. The four Airy beams are combined in the way that their trajectories will intersect, as described above (c.f. Fig. 2 ). In general, four beams allow more than two different phase configuration with integer values in units of π, nevertheless we restrict ourselves to the two cases: either all beams are in phase, or with π phase difference between neighboring beams. These two cases leads to completely different results.
For the case where all beam are in phase, the results are shown in Fig. 5 (left) . Although the transverse intensity structure at the input face of the crystal looks different since now four beams are superimposed, the general nonlinear behavior is similar to the case where two Airy beams were launched in phase (c.f. Fig. 3 ). With increasing nonlinearity, the intensity localizes in the middle and forms a stable solitary state that emerges from the constructive interference of the beams in the region where their trajectories intersect. The experimental results for three different beam intensities P in ≈ {0.5, 1.0, 3.0} µW (Fig. 5(a) ) clearly show the described formation of the solitary state as the transition from the four separated Airy main lobes (see Fig. 5(a1) ) to the high-intensity localized state (see Fig. 5(a3) ). Here, the ratio r between the maximal intensity at the input and the peak intensity of the built-up solitary state is much higher compared to the two-beam case, which is understandable because four beams are merging.
The situation is completely changed for the configuration with a phase difference of π between neighboring beams. The corresponding results are shown in Fig. 5 (right) . In contrast to all other presented cases, here neither a straight soliton nor a soliton-pair or cluster is forming. Owed to the phase differences, no pronounced high-intensity spot arises from interference at the intersection of the beam trajectories that could develop into a soliton. Moreover, the remaining side lobes of the four Airy beams prevent the build-up of a solitary states or clusters, like it was observed in the previous case for two beams (Fig. 4) . For higher intensities, the intensity tends to localize predominantly on one side (cf. Fig. 5(d3) ) and keeps traveling away from the center.
Comparing all results of the nonlinear interaction of two and four Airy beams, we could identity three different types of nonlinear dynamic. First, in all cases where the synthesized beams are in phase, the interaction leads to the formation of one single stable spatial solitary state initiated by the high intensity resulting from constructive interference of the main lobes. The second type, the formation of a solitary pair, could be observed if two beams are superimposed with a phase difference of π. For these two types the acceleration of the initial Airy beams is exactly compensated, leading to straight propagating solutions. Interestingly, there is a third type where no solitary structures appears, even for the same intensities and nonlinearities. This could be observed if four Airy beams are superimposed with π phase difference, as it was done in the last example. For this configuration the nonlinear dynamic shows symmetrybreaking behavior that depends critically on small perturbations and asymmetries in the system. The directed diffusion of charge carriers inside the photorefractive SBN crystals causes such an asymmetry, that is also responsible for the horizontal shift of the other solitary solutions, as reported above.
Conclusion
In summary, we have presented the first experimental and numerical study about nonlinear interaction of multiple two-dimensional Airy beams. As the most important result, we could demonstrate the build-up of solitary structures from the nonlinear interaction of multiple accelerated beams. By investigating the nonlinear dynamic of the superimposed Airy beams for different configurations (numbers of beams, phase relations), we could demonstrate the intensitydependent formation of straight propagating solitary states or pairs. These fundamental results could be achieved using a highly-developed experimental platform to perform nonlinear experiments which allows us to precisely shape the input beam as requested and reproducibly control all relevant parameters, such as input beam power, external electric field, and illumination time. Our experimental results and methods enable further investigations about the interaction of other types of tailored optical beams (e.g. nondiffracting beams) and moreover could find applications in modern optical information processing architectures as a basis for light guiding and switching approaches.
